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Abstract 

When utilizing a cluster decomposible relativistic scattering formalism, it is most convenient that 
the covariant field equations take on a linear form with respect to the energy and momentum dispersion 
on the fields in the manner given by the Dirac form for spin i systems. The general spinor formulation 
for arbitrary spins given in a previous paper is extended to include momentum operators. Unitary 
quantum mechanical representations are developed for these operators, and physical interpretations 
are suggested. 
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1 Introduction 



The Dirac equation[J utilizes a matrix algebra to construct a linear operator relationship between the 
energy and the momentum. Such a linear dispersion relationship is particularly useful for constructing 
manifestly cluster decomposible non-perturbative scattering formalisms [21 El 01- Expectation values of the 
matrices can be related to physical fluxes, but the matrices themselves commute with space-time transla- 
tion generators. In a previous paper j^, a general operator representation of an extended Lorentz group 
which yielded the Dirac matrix representation for spin ^ systems was developed. If the transformation 
is internal, this previous development is sufflcient to develop quantum mechanical amplitudes that can 
represent general particle systems. In this paper we will extend the group to include the generators for 
infinitesimal space-time translations, allowing global transformations in these group parameters. 

The inclusion of the expected commutation relations between energy-momenta, angular momenta, 
and boost operators will require non-vanishing commutation relations between energy-momenta and 
operators. In addition, group closure requires the addition of at least one additional operator to the 
algebra. The interpretations of this extended Poincare algebra will be explored briefly subsequent to its 
development. 

The flnite dimensional representations of the extended Poincare group will be constructed with use 
of the little group and commplimentary group of transformations on the standard state vectors in the 
construction of particle-like unitary representations for spin states. In addition, a single-particle wave 
equation can be developed for conflguration space eigenstates of the operator P^^ , 



The conserved current deflned in Eauation ll . 21 need not be the probability current, since the spinor metric 
is generally not directly related to the T matrices. However, scattering equations can be developed to 
express the evolution of the physical parameter represented by this operator. 

Finally, we will see that transformations by the new extended group parameters mixes what would be 
the mass parameter for traditional particle states with the new transverse mass parameter generated by 
the additional operator. We will briefly examine the behavior of states transformed by these extended 
group operators. 

2 Extended Lorentz Group 

As explained in the introduction, we consider it advantageous to extend the previously developed 
extended Lorentz group to include the usual Poincare algebra, but generally require that the form F^P^ 



(1.1) 



which implies that 



(1.2) 
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is a scalar operator. In a previous paper p], spinor and matrix representations were developed for the 
generators conjugate to the 10 group elements given by 3 rotations 9k, 3 Lorentz boosts Wfc, and the 4 
group parameters associated with the generators given by uj. For completeness, we will here briefly 
review those relationships. 

2.1 Extended Lorentz Group Commutation Relations 

The commutation relationships between the generators of this extended Lorentz group are given by 

\Jj : -^k] — ^ ^jkm Kra (2.2 
' ■^k'l ^ ^ ^jkm Jm (2.3 

[r° , F'^] ^ I Kk (2.4 

[F° , Jfc] = (2.5 

[F",i^fc] = -zF'= (2.6 

[F^' , F'^] = -i ejkm Jm (2.7 

[F^ Jfe] = ze,fe„F" (2.8 

[F^' , Kk] = -I 6jk F° (2.9 
An extended Lorentz group Casimir operator can be constructed in the form 

Ca = J- J - K- K + r"r° - r-r. (2.10) 

2.2 Spinor Equations 

We found that the most elegant way to construct general finite dimensional representations was by 
utilizing the formalism of spinors. Operations in the form of raising and lowering operators are most 
conveniently expressed in terms of spinors. For convenience, define A^^^ as follows: 

A^^^ EE r''{±)iKk. (2.11) 

We chose to construct eigenstates of C\, F°, J^, and Jz- To develop a basis of states, it was convenient 
to construct an operator which raises and lowers eigenvalues of the operator F*'. This operator is given by 

A|,*^ = J- A(±) (2.12) 

These definitions allow us to express general states and operators in terms of the spinors: 



J+M 



dx dy 



x = x+ X- 
y = x-"^^ 



(2.13) 
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T I^J 

Jz '>Pj,M 



2.3 Spinor metric 



fO ;A,J 



, A.J 



(2.14) 
(2.15) 



AWV't.i = (±)(A+l)[J(T)7]<±'i,M (2-16) 



Invariant amplitudes that can bo interpreted as probability amplitudes are defined using dual spinors, 
so that under transformations the inner product is a scalar 



< ■01'/' > = < -0' 



> 



(2.17) 



The metric satisfies 



(2.18) 



which will be associated with ip in matrix element evaluations. 

2.4 Matrix Representation for A = 1 

As a specific example, the matrix representation corresponding to A = 1 will be explicitly demonstrated 
below: 



r° = 



Jfe 




where 
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(2.19) 
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(2.20) 




= V2 
— 2 



D 1 
-1 1 
3 -1 



The representation generated by these matrices is seen to be finite dimensional, but not unitary (analogous 
to the Dirac representation for spin | systems). 
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3 An Extended Poincare Group 

3.1 Extended Poincare Group Closure 

The equations presented thus far are vahd for internal transformations on systems. We wiU next 
attempt to minimaUy expand the group structure to include space-time translations, in order to develop a 
group that can be used for global transformations. An attempt to only include the momentum operators 
does not produced a closed group structure, due to Jacobi relations of the sort given by [Pj, [F", F'"']]. The 
non- vanishing of this commutator in the Jacobi identity implies a non-vanishing commutator between F'' 
and P^, and that this commutator connect to an operator which then commutes with F^ to yield a P^. 
Since the momentum operators self-commute, this requires the introduction of at least one additional 
operator that we will refer to as C/. 

3.2 A Closed Set of Extended Poincare Operators 

The non- vanishing commutators involving the operators and G that satisfy the Jacobi identities are 
given by 

[Jj , Pk] = i^jkmPm (3.1) 

[if,,Po] = -^PJ (3.2) 
[Kj , Pk] = S,k Pa (3.3) 
[F^ P.] ^ iSi^g (3.4) 

[r^,g] = iTi^^p, (3.5) 

We can construct an extended Poincare group Casimir operator given by 

= g2 _ (3.6) 

The extended Lorentz subgroup Casimir operator defined in Eauation l2.10l has the following nontrivial 
commutation relations: 

[e,CA] = i (F'^P^ + P^.F'') (3.7) 
[Po, Ca] = ~i + ^F" - ^ KjP, + P,k}^ (3.8) 

[P,, Ca] = ^ {T'^g + QT'' - K,Po - PqK, + e,fe™ (JfcP^ + PmJk)) (3.9) 

3.3 Extended Poincare Group metrics 

In general, a group metric can be developed from the adjoint representation in terms of the structure 
constants. The non- vanishing group metric elements generated by the structure constants of this extended 
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Poincare group are given by 




= -8(5, 




+8(5, 



(3.10) 



(3.11) 



where is the usual Minkowski metric of the Lorentz group. This metric is seen to be non-triviaUy 
generated by the extended F algebra. 

3.4 Local Factors 

For a general ray representation of a quantum mechanical system, group transformations on a quantum 
state vector can introduce additional phase factors; 



where C is the local exponent and (f) represents the general group multiplication element. The behavior of 
the local exponent under group transformations can in general introduce local factors which are c-numbers 
into the algebra of the generators. These local factors can have physical significance, as in the case of 
the Galilean group for non-relativistic transformations 6 . We will briefly explore the local factors for this 
extended Poincare group. 

All local factors for this group can be shown to vanish except those in the following list of commutators: 
Eg nations 12.21 and 12 . 41 where the term on the right hand sides is shifted by Km — ^r'",r"; 
Eg nations 12.81 and 12.61 where the term on the right hand sides is shifted by F™ + £,K„^,r"', 
Eguation l2.9l where the term on the right hand side is shifted by F° + (.k^.t^ 
Eguations l3.1l IX^ and 13.51 where the term on the right hand sides is shifted by P,„ + ^r„,,e; 
Eg nations 13.31 and 13.51 where the term on the right hand sides is shifted by —Pq + £,ro,g', 
Equation 1^31 where the term on the right hand side is shifted hy Q + i^ro.Po- 

The local factors ^ appear in precisely the appropriate manner such that they can be absorbed into re- 
definitions of Km, F^, P^, and Q, eliminating their appearance in the commutation relations. Henceforth, 
we will work with a representation in which all local factors have been eliminated. 

3.5 Unitary Representations of the Extended Poincare Group 

A natural set of discrete basis states for the extended Poincare algebra is specified in terms of the group 
Casimir, the extended Lorentz subgroup Casimir, and mutually commuting eigenvalues of F", J^, and Jz 
given by |/i^,A,7, J, M >. Here /i^ represents the eigenvalue of the extended Poincare group Casimir 
operator, and the eigenvalue of the extended Lorentz subgroup Casimir can be expresed in terms of A. If 
we are to construct states that have correspondence with the usual particle states, we need to examine 



U{b) U{a) = e'^(^'^)C/((/)(&;a)) 



(3.12) 
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eigenstates of Pq. We have several choices on how to choose mutually commuting parameters, for instance 
\^J''^^P{s)o^:JlM > or |p(s)o, Q(s),l, J, M >. We will choose states of the form 

I ^/-'Pis) - Pis), Q{s) = 0, 7, J, M) 

which have vanishing value when operated on by Q as the standard particle states from which we can 
build unitary representations. States of finite momenta are constructed using pure Lorentz boosts upon 
the standard state vector: 

|u,/i,7, J,M) = L{u) \J-P(s) ■ P(s) , Q(s) = 0, 7, J, (3.13) 

where fi^ = —P{s) ■ P{s) and u ■ u = —1 for massive states. Unitary transformations involving general 
Lorentz transformations A give 

t/(A)|7i,M,7,^,M>= E \i^,^^.l,J.M' > D^l^j{Rw{Ku)) (3.14) 

where R\y{-^tU) — L^^( Au )AL(u) is the usual Wigncr rotation,?,. This represents the little group element 
for the Lorentz subgroup for the standard state vector . 

For more general transformations by group elements g conjugate to the standard state group element 
g , the little group of transformations will leave the standard state group element invariant, TZg, — 
g , ■.■ Since angular momenta and F*^ are hermitian operators, operations involving this subgroup of 
transformations will be generalized rotations on the standard state vector that will leave the standard 
state group element invariant. Using the complimentary group of transformations, boosted states can be 
defined: 

|g,/i',A,7,J,M>= C/(C(5))|5(,),m',A,7,J,A'/> (3.15) 
where C{g)g^^^ — g. A unitary representation can then be constructed using 

J J 

U{M)\g,fi\A,j,J,M>^ E \Mg,fi^A,y,J,M' > D%),^^^,{TZ{M,g)), (3.16) 

Y=-j M'=-.J 

where the little group element satisfies 

n{M,g) = C-\Mg)MC{g). (3.17) 
The group structure of this extended Lorentz and Poincare group will be explored in subsequent papers. 

3.6 Linear Wave Equation for Single Particle States 

A primary motivation for this work was to develop general finite dimensional expressions of the operator 
F^P^. Eigenstates of this operator should give linear operator dispersion for energy and momenta in a 
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wave equation. It is straightforward to calculate the commutators of the various group generators with 
this operator: 

[Jfe,r^P^] = (3.18) 

[iffc,r^Pj = (3.19) 

[^^ r^P^] = iT'^g + leUmnJmPn - iKkPo (3.20) 

[ro, T^P^] = iT'^g + i KjPj (3.21) 
j 

[p^,r^p^] = -igpp (3.22) 

[g,T^P^] = -iv'^'PpP. (3.23) 

Since pure Lorentz transformations commute with the operator F'^P^ from Equations 13. 181 and 13. liJl 
we can define a mixed wavefunction using Eauation l3.13l 

<^^^A,7, J,Af|r^P^|u,^,7, J,M>= 7/K /i^ A, 7, J, Mju, /i, 7, J, Af > (3.24) 

to obtain a linear wave equation given by 

r^'p^ip!;Mim) = -ft^^^Mim) (3.25) 

where 

i^^Aiim) = < m', a, 7, J, M\u, nn,J,M>. (3.26) 
In a configuration space basis, this can be written as 

r^{-id,yj%j{x) = 7M<M(a;) (3.27) 

to give the eigenvalue differential equation. 

It is clear that since for two non-interacting subsystems the components of the energy-momentum 
of clusters are additive, such linear dispersions make explicit clustering properties more apparent. It 
should then be straightforward to include the kinematic variables of a non-interacting cluster in a purely 
parametric way when calculating the dynamics of an off-shell, off-diagonal subsystem. 

3.7 Finite Extended Parameter Transforms 

We end by examining finite transformations in the extended group parameters. To examine transfor- 
mations on the generators that define the minimal Poincare extension of the extended Lorentz group, we 
will express the group parameter conjugate to the operators in terms of a magnitude and direction, 
LUfj^ = uJUfj^. One can directly demonstrate that the commutation relations Equations 13.41 and 13.51 imply 
that for time-like (u ■ u = —1) or space-like {u ■ u ~ +1) transformations 



e 



..f-^^-...f- = co.(^/^^)g + f!!^i^5^^,^A..p, (3.28) 



Sp + ^^(cos(\/^^) - 1) 



Pu- (3.29) 



We can see that for eigenstates of f such as the finite dimensional representations discussed previously, 
the time-like transformations mix eigenvalues of Pq (masses) with eigenvalues of Q. The mass values 
oscillate under variations in the parameter u. If the group elements co are discrete, then the discrete set 
of masses will mix into each other and eigenvalues of G under operations using finite transformations in 
group elements conjugate to F". In this sense, the operator Q which is necessary for group closure can be 
interpreted as a transverse mass operator. 

Similarly, one can examine the non-trivial transformations by the operators G and Pq. The operators 
F'' transform as follows: 

g^aaf Mg-^^e ^ f M + g,^P>' (3,30) 



g»a-i-^pMg-^a-/^3 = + a^g (3.31) 

These equations directly indicate that a discrete finite dimensional representation that can be used to 
model the behaviors of the usual particles in quantum field theory cannot be constructed if Q has non- 
vanishing expectation values, or if there is a finite transformation a ^ upon such a state (unless the 
group parameters a are discrete). 
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